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9 Differential Beamforming

9.2
Show that the coefficients of the Nth-order hypercardioid are given by
__Hy1
AN max — m

Solution:

First we can notice that the rank of the matrix 117 is 1. So , the rank of the matrix Hy 117 is 1 or 0. Therefor, for the non
zero eigenvalue , the eigenvector is the maximum.

lets show that ay is eigenvector for non zero eigenvalue:

Hy 117 ay = (Hy ‘117 Hy 'l _ Hy'll 1Hy "1 =ay (1Hy ') = ay - A
( N )aN - ( N ) 1THN711 - 1THN711 N - aN( N ) =an

which \ £ 1HN711 scalar , non zero eigenvalue of HN7111T
apy is the eigenvector corresponding to the maximum eigenvalue of the matrix.

|
9.3
Using the definition of the frequency-independent FBR of a theoretical Nth-order DSA (??), show that
alH! ay
F _ SN°TN ,
(an) al H ay

where Hy, and HY; are Hankel matrices.
Solution:
We know that the FBR define as:

_ fog B2%(ay, cos ) sin 0df

E - T
() J= B%(an,cosf)sin 6d0

and B define as:

n=N
B(apn,cosf) = g an ncos™
n=0

now we substitute B in FBR definition:

» n=N k=N k=N n=N .
J& > anncos™@ Y an kcos™0sinOdb > > anmank [ cos™0cos 0 sin Odf
=0 k=0 k=0 n=0
F(aN) = n = = ®
n=N k=N k=N n=N
J= > anncos™d Y. an pcoskl sinOdo > Y anman [« cos™fcoskd sin 0d6
2 n=0 k=0 k=0 n=0 2

using the following solutions:



™

2 ) . 1
/ cos'fcos’Osin0df = ———— = [H" n],.
0 14+i+7 I
™ . . (_1)i+j
/ cos'fcos’fsinfdf = ~———— = | /N]"
x 1+i+7 *
finally:
k=N n=N
annank[H'N],
o — kz::o nzzzo [ Ju _ anTH" yan
=~ k=Nn=N "~ anTH'ya
> > annank[H'N], A
k=0 n=0

where H" ;v and H' 5 are two Hankel matrices.

9.5

Show that the directivity pattern of the first-order hypercardioid can be expressed as

1 3
B, 14 (cos0) = 1 + 1 cosf.

Solution:
We know the definition of B:

1TH-! 0
By ma(cosf) = —Np(cos )

].THlel
and for N=1:
p(cos) = [1 cosG}T
1= 1]
1=[1 11"
10 1 (1 0)
=0 8)m=
substituting:
1 0 T
B ( 6)—[1 1] <O 3) 1 cosd] _ 143cosf 1  3cosb
N HALCOST) = 1 0 r 4 4 1
(g )0 1]
|
9.6

Show that the directivity pattern of the first-order supercardioid can be expressed as

-1 _
V3 +3 \/gcosﬁ.

Bi,sq (cosf) = 5 5

Solution:
The beampattern of the Nth-order supercardioid is

B cosf) = .
N7Sd( S ) a]\’]{imaxp(l)




' . . . . . 1 "
when ay .. is the eigenvector corresponding to the maximum eigenvalue of Hy " H;

for N=1:

the max eigenvalue of the matrix (

So:

And finally:

B sd(cos ) =

9.7

7
127

agn (4 6\ (1 I\ (7 4
HNHl_(G 12)(;2_127

> is Amax = 7 + 4v/3 the eigenvector for the max eigenvalue is : (

4

)

o ()

—1_ (4 6
= _<6 12

)

)

Show that the directivity pattern of the second-order hypercardioid can be expressed as

Solution:
We know the definition of B:

B 114 (cos0) =

6 3

1TH=' yp(cosh)

BN,Hd(COSG) = 1TH71N1

1 1 5
—— + —cosf + 6C0829.

(V3—-1 3-v3)(1 COSQ)T_\/§—1+3—\/§COSQ
V3-1+3-3 2 2
|

and for N=2:
p(cosf) = [1 cos COSQG] T
=11 1 1]
1=[1 11"
_ 10 o[ o2 g
H1 = 0 3 0 — Hl - 0 4 0
3 5 4 4
and now:
0 =
[1 1 1] % 0 [1 cos 6 00829} -
. - S B (-8 12 3011 cosf cos?d]
2,Hd = 9 - - 36
1 1 4
5 T
1110 2 o[ 1 1]
=15 45
1 4
1 5
=5 + 3 cos 6 + 6C0526

V3-1
3-V3

)



9.8

Show that the directivity pattern of the second-order supercardioid can be expressed as

1 V7
2(3+\ﬁ)+3

7 5
Ba sq (cosf) = cosf + ——— cos? 6.
284 (0036) VT 2 (3+7)
Solution:
The beampattern of the Nth-order supercardioid is

'T

a cosf

B sd(cos0) = N};L()
aN,maxp(l)

4 . . . . . /_
when a,} . is the eigenvector corresponding to the maximum eigenvalue of Hy " H;"”

for N=2:
1 -1 1 9 36 30
Hy=|-3 & —3|—->Hy'=1[36 192 180
i -1 1 30 180 180
1 1 1
H = |1 i i
? S A |
3 4 5
/ 9 36 30 1 % % 37 24 18
Hy 'Hy” = (36 192 180 % 5 1] = 192 127 96
30 180 180/ \i 1 = 180 120 91

the max eigenvalue of the matrix H;leg" iS Amax = 127 + 48+/7 the eigenvector for the max eigenvalue is :

So:
1
a2,max 2\ﬁ
5
And finally:
1\T
207 (1 cosf 00829)T
1 2V/7
B cosf) = = + cosf +
2,54(c0s0) 1+2v7+5 23 +V7) 23+ V7)
|
9.9
Show that the directivity pattern of the third-order hypercardioid can be expressed as
3 15 5, 35 4
Bs 14 (cos0) = 3~ 32 cosf + 3 cos” 0 + 5 cos” 0.
Solution:

We know the definition of B:

1TH-1yp(cosb
Bunaleost) = e

and for N=3: .
p(cosf) = [1 cosf cos?0 cos®d]

=01 1 1 1]

2(3

_ 5
+V7)

cos?0

2V7



1=t 1 1 1]"
1 0 %+ 0 9 0o = 0
B A
H=|; 3 | 2|-H""=]|_ ! 45 A
F ? H (1) A (1)05 B 1(7)5
0t o0 ! 0 =B g 1
substituting:
9 —15
2 0 = 0
L 5 7
[1 1 1 1} 15 6 15 6 [1 cosf cos? COSBG]
6 ~105 6 175
B = 4 4 =
3,Hd 9 —15
i 0= 0
o B o0 =B T
L T TR S DU S
4 4
—105 175
0 . 0
315 15, .2 35 . .3
_—5—760894—70089—|—7c050__i_§ 0 15 29 35 39
- 16 R R R T
|
9.11
Show that the beampattern, the DF, and the WNG of the first-order DSA can be approximated as
1 1,1
Blh 0l ~ ——— cosf — ———
(), cost] & g cosf—
(1—on,)
Dby (f)] ~ )
O‘il"’g

Wi(f)] % 5 2 fmo (1= oy ).

Solution:

First we know that the beampattern is:
1— ej?ﬂfro(cose—alyl)

Blhi(f),cos 0] = 1 — ej2nfro(l—au1,1)

using the approximation:
e ~1l+zx

we can approximate the beampattern as:

1— j2m fro(cos 0—a,1) 1-1—42 9 _
Blh1(f), cos 8] = ) j ~ J .WfTO(COS 1.1) = cos ) — _ Y11
1~ efenfrolizass) L—1-j2nfro(l —ai1) -1 1—ai

we know that the DF is:

B 1 —cos2mfro(1l — aq,1)]
Dlhi(f)] = 1 — sine(27 f79) cos(2m froa 1)

Using the approximations:

22
cosr~1— —
2
) z?
sincr~1— —
6

the DF becomes:

1 _ 1 + [27rf’ro(127a1,1)]2 [27Tf7’()(127041’1)]2

Dlh = -
[ l(f)] 1 (1 B (Qﬂ)(;To)2> (1 B (2‘n'f7'02<¥1,1)2) 1— (1 . (277]&7—0)2 B (27rf7—020¢1,1)2 + (27rf‘r(i)24a1.12)




2
2rfro-a1)]? (1—aiq)’

~ p) B
(27\';2)7’0)2 + (27rfﬂ'02a1.1)2 % + a1'12

|
The WNG is: . ,
Wihi(f)] = 3 1 — e@?rfroll—ean)l” — 1 _ cos[27 fro(1 — ay1)]

using the cos approximation:
27 fro(1 — a1,1)]”

Wi (F)] ~ 11+ = S m o1 — an)]

2
|
9.12
Show that the inverse of the Vandermonde matrix V(f) that appears in (?7) is given by
Voi(f) =
VU3 _ V1U3 V1V2
V2 — U vy — U V2 — U v3 — U V3 — U V3 — U
7( 2 7}2)5»%3 ) (v vlljg(vgs 2) 7( 3 vll)gr:z)’)z 2)
(v2 — Ulf (3 —v1) (v2—w1) gva —v2)  (v3— v1f (v — v2)
(va—v1) (i3 —v1)  (va—v1) (vs —v2) (vs— 1) (vs —v2)
Solution:

The inverse of the Vandermonde matrix is given by:

where,
1 —U1 V10U2
Uf)=10 1 —(v1+w)
0 0 1
1 0 0
1 1
L(f) = v1—v2 va—v1 0
1 1 1

(vi—v2)(vi—v3)  (v2—v1)(v2—v3) (vz—v1)(v3—v2)

substituting U L in order to find the inverse of the Vandermonde matrix :

1 —U1 V1V2 1 0 0
_ 1 1
Vv 1(f) = |0 1 _(Ul + ’02) V1 —V2 V2~ UL 0
0 0 1 1 1 1
(vi—v2)(vi—vs)  (v2—wv1)(vz—vs)  (vs—v1)(vs—v2)
1= Ulvjvz + (vlfvzl)z?nfvg) _vzvjvl + (vgfvll}l)z?)gfvg) (vgfviil)z)vzfvz)
_ 1 (v1+v2) 1 _ (vitv2) —(vitvs
- V] —v2 (vll—vz)(vl—vg) Vo —1 (Ugl—vl)(vg—vg) (’U3—’U1)1(’U3—’U2)
(vi—v2)(vi—v3) (v2—v1)(v2—v3) (v3—v1)(v3—v2)
(v1—v2)(v1—v3)—vy (V1—v3)+vivs  —v1(va—v3)+V1V2 V1V
(vi—vz)(vi—vs) (v2—v1)(v2—v3) (vs—v1)(vs—v2)
— vy —v3)—(v1+v2) v —v3)—(vitvg —(v1tv2) —
(1)1—1)2)1(111—1)3) (1)2—1)1)1(1;2—1)3) (1)3—1)1)1(113—1)2)
(v1—v2)(v1—wv3) (v2—v1)(v2—v3) (v3—v1)(v3—v2)
V1U] —V1V3—V2V1+V2U3—V1V1+V1V3+V1V2 —V1V2+v1V3+V1 V2 V1V
(v1—v2)(v1—v3) (v2—wv1)(v2—v3) (v3—v1)(v3—v2)
— V1 —U3—V1—V2 V2 —U3—V1—U2 —(vi+wvz) _
(U1*U2)1(U1*v3) (W*Ull(lvzfvs) (v3*v1)1(vsfv2)
(v1—v2)(v1—v3) (v2—v1)(v3—2) (v3—v1)(v3—v2)
V2U3 —vi1vV3 V12
(va—wv1)(v3—v1) (va—v1)(v3—v2) (vs—wv1)(v3—v2)
_ —(v3+wv2) v1+vs —(v1+w2)

(02*111)1(1)3*1)1) (U2*U17)(103*112) (03*711)1(03*112)

(v2—v1)(vz—v1) (v2—w1)(v3—v2) (v3—v1)(v3—v2)



9.13

Show that in the case of a second-order DSA with a zero of multiplicity 2 in the beampattern,
the beamformer is given by

1 1
h = _26*J27"f7'0a2,1
Z’O(f) [1 _ e]27rf-ro(lfoz2,1)} 2 e—dAm froas,1
we want to solve the following linear problem:
d"(f.1) 1
d"(f.az,1) | h(f) = |0
S d(f, a21)" 0
1 vy U12 1 ej27rf7'0 €j47rf7'0 [1 ej27rf7'0 ej47rf‘r0} h(f)
N 1 v ’022 h(f) — |1 ed2nfroazn  gidmfToasza h(f) _ [1 ei2mfroaz ej477f7'0042,1] h(f)
S d(f,az0)” S d(f,a01)" S d(f, a2,1) " h(f)

using that > d(f, ag’l)Hh(f) =0:

[1 ed2mfro ej47rfro] h(f)
R = [1 el2mfrocz ej47rf7'0012,1} h(f)

0
and finally its easy to see that the solution h(f) is:
1 1
h20 f — _267j27rf70a2,1
’ ( ) [1 — ej27rf7—0(17a2,1)j|2 67j47rf7'0042,1
|
the beampattern can be written as
1 2
Blhyo(f),cosb] % ——— (cosf —az1)”,
1—as;

Solution:
the beampattern has the form:

[1 _ ejQﬂ'fTo(COSa—(XQJ)]z

Blh ,cosf] =
[ha0(f). cosf] [ — es2nfm(—az.)]?
using the following approximation:
e ~1+4+x

we get:

Blhao(f),cos ] ~ [1—1—j2nfro(cosd — ag1)]? _ [j27 fro(cos 0 — ag 1)) _ [cos 0 — ap 1]°

[1—1—52nfro(1 —ag1))? [j2m fro(1 — agq)]? [1—agq)?

The WNG can be approximated as

Wiha (/)] % g 2mfm (1= as)]"

Solution:
We find that the WNG is:

1 . 42
WIh(f)] = 6 1 — ef2mfro(l—az1)| — g[1 — cos[2m fro(1l — a271)]]2
with the following approximation:
2
x
~1l——
coszT 5



The WNG can be approximated as

9 2
WIh(f)] = % 1—1+ [27rf7-0(12_ az)]” | _ 3%[27#70(1 —agq))t = %[QWfTo(l —ag)]*

9.14
Show that the first column of the inverse of the Vandermonde matrix V(f) that appears in (??) is given by
r V20304 7]

(v2 — v1) (v3 — v1) (Va4 — v1)
VoUs + V3V4 + VU4

Vg - | T

(v2 —v1) (vs —11}1) (va — 1)

L (v2—v1) (v3—v1) (v4a —v1) |

Solution:
The inverse of the Vandermonde matrix is given by:

where,
1 —U1 V1V —V10V203
U(f) _ 0 1 *(”Ul + UQ) V1V2 + V1U3 + U3V2
0 0 1 —(’U1 + vo + ’1}3)
0 O 0 1
1
1
L(f) = )

(v1—v2 )1(111 —v3)

(v1—v2)(v1i—v3)(v1—va)

substituting U L in order to find the inverse of the Vandermonde matrix :

1

1 —U1 V1Vg —UV102V3 1
- 0 1 —(vi+w2) vive+v1v3 + V302 (o1—02)
V) =Uf)L(f) = i
(f) (f) (f) 0 0 ]. _(vl + U2 + 1)3) ('Ulf'UZ)l(Ul*'US)
0 0 0 1 (v1—v2)(v1—v3)(v1—v4)
]‘ + vi—vi) + v —vvl’ufn—v- + V11— *vvli’i"’?» v1—v o (=)
(11 ? (—1(111-?-)7)(2) » (UlTJQi)QJ(153+53)1S2 R . (vﬁ;ﬁg%;ﬁ%ﬁ;“)
— (v1—v2) (v1—v2)(v1—v3) (v1—v2)(v1—v3)(v1—va) — | (vi—v2)(vi—v3)(v1—va)
1 + —(v14vatvs) —Up—U3—V4
(v1—v2)(v1—v3) (v1—v2)(v1—vz)(v1 —11)4) (v1—v2)(v1 I713)(7)1—7)4)
1+ (v1—v2) + (v1—v2)(v1i—v3) + (v1—v2)(vi—v3)(v1—va) (v1—v2)(v1—v3)(v1—va)
— V2V3V4
(va—v1)(v3—v1)(va—v1)
_ V2U3+V3V4+ V24
v )

(vz—v1)(v3—1v1)(v4—v1)

" (va—v1)(vs—v1)(va—v1)

SO we get:
V2V3V4
(v2—v1)(v3—v1)(va—21)
_ V203 +V3V4+V2V4
V) = | )ty
(v2—v1)(vs—v1)(va—v1)

" (va—v1)(vz—v1)(va—v1)



9.15
Show that the third-order DSA beamformer is given by
h . 1
S(f) - [1 _ eg27rf'ro(17a3’1)} [1 _ e]Qﬂ"f‘l’o(l*OA&g)} [1 _ ejZTrf‘ro(lfag,g)}
1
_e—27fToas 1 _ =127 fToas,2 _ o—127fToas,3
e—JZWfTo(a3,1+a3,2) + e—ﬂﬂf‘ro(cm,z-‘rlls,?,) + e—]2TFfT0(a3,1+0t3,3)

_e—92mfro(as 1tz 2tz 3)

Solution:
first we know from (9.82):
1
0
V(Hh() = [
0
1
_ 0 _
ha(F) = VU [ =V )
0
as we know from problem 9.14 :
V2UV3V4
e
— ha(f) = | )t

(02*711)(1)3*{’1)(”4*711)

" (v2—v1)(vs—v1)(va—71)

Now let’s simplify the phrase:
ej27rf7'0a3,1ej27rf7'0a3,26j277f7'0a3,3

h 1) = V2V3V4 _
S(fa ) = (,U2 — 1}1)(113 _ ’U1)(’U4 _ Ul) - (ej277f7'0113,1 _ ejQWfTO)(ej%TfToa&z — ejQWfTO)(ej%TfToa&g — ejQﬂ'fTo)

6j27‘!'f7’00¢371 6j27rf70a3,26j27rf‘rga3,3

el2mfToa3 1 gi2mfTo3,2 J27fT03,3

= 127 froa _ pi2mfT 127 froax _ pi2mfT 127 froax _ pi2mfT 1
(€7 froas, 1 _ gj2nf 0) (e froas,2 _ gj2nf 0) (e froass _ gj2nf 0) B i e Y 2 T 23 T

h 1) = !
- 3(f’ ) - (1 _ ejQ‘ITfT()(l—a&l))(l _ 6j27rf7—0(1—a3,2))(1 _ ej27"f7'0(1—a3,3))

ej2‘n’f7'0013,1€j271'f7'00(32 _’_€j271'f‘f'0043126j27rf7'00(313 _’_ej27rf‘r0a3116j27rf‘roa3,3

A (f 2)_7 VU3 + V3V4q + U2U4 _
s\Woe) _ _ —v) J2mfroas s _ ei2nfr0)(ei2n o082 — gi2n 7o) (el To0s s — ei2nfTo
(%) V1)\Us V1 )\ Ug U1 € (& (& & (& (&
. . . . . . 1
6]27rf70a3,1ej27rf70a3,2 + ej27rf7'0a3,2€j27rf‘roa3,3 4 ejwargag,lej%Tf’rgagg T Troas 1 3T 0552 TE T 0555
1
GI2nFT003 1 I2nF 003 2 (i 27 F 03,3

(e72mfroas1 — ei2mfT0)(ei2mfToas2 — ei2mfT0)(ei2mfTo0s,5 — ej2mfT0)
L o) — e~J2mfroas,1  e—j2mfroas2 4 o—j2mfToas;s
= hs(f,2) = - (1-— e]'27ff"'0(1*043,1))(1 — ej27ff70(1*043,2))(1 — eJQWfTU(lfasa))

€j27rfroa3,1 + ejZWfToa3,2 + ej27"f‘roa3,3

hs(f,3) = Vg + VU3 + U4 .
3\ - (1)2 — Ul)(US — 1)1)(1)4 — Ul) o (ejQT"fTOOCS,l — ejQWfTU)(ej27TfTOa3,2 — ejZWfTU)(ejzﬂfTOOCS,B — €j2‘ﬂ'f7'0)
el2mfroas + el2mfroas,2 + el2mfroas,s
(eF2mfroas1 — ei2mfTo)(ei2mfToas 2 — ei2mf70)(ei2mfTo0s,5 — ej2mfT0) ej2ﬂf70a3,1€j2"f}'oa3,2€j27rf700‘3,3

1
el2mfToa3 1 d27fTo3,2 J2TfT03,3

e—J2mfTo(as,1+as,2) + e—jQTffTo(Ots,l-i'Oés,s) + e—J2mfTo(as,2+as,3)

— hs(f,3) = (1— ej27rf7‘o(1*(¥3,1))(1 — ej27rf‘ro(17a3,2))(1 — ej27ff7'0(1*0¢3,3))
1

1
T (% TToasn — ei2n 7o) (ei2n To0s s — ei2nT0)(el2n 00,5 — i27IT0)

hd(f7 4) = (UZ _ 1}1)(1/3 — Ul)(U4 - Ul)



1

1
el2mfroa3,1 27 fToa3,2 i27fT0a3,3

T (pi2mfroas1 _ pj2mfT 2w froos, 2 _ pJ2mfT 2w froos,3 _ pJ2mfT 1
(e froas,1 — gj2nf 0) (e froas2 _ pgj2nf 0) (e froass _ egj2nf 0) T TR T T

e—J2mfro(as1+as2+as,3)

= hs(f,4) = - (1 — ei2nfro(i=as1))(1 — ei27fro(1-as2)) (1 — ei2mfro(1-as,))

and finally:

1
(1—eI27fro—as 1)y (1 _ei2nfroll=az 2)y(1_ei2mfro(1-c3,3))
e 927 fT003,1 4 o—i27fT03,2 4 o—i27fT03,3

_(1_ej2wffo(1—a3,1) 1_ei27fro(I—az2)y (1 _gi2nfro(1-agz 3)
e*jQﬂ'fTo(ag,l+043,2)+e*3'27ffm(a3,1+f¥3,3)+e*]'27ff7'0(<¥3,2+<¥3,3)
(1—eI27fro=ag1)y(q_ei2nfroll=as 2)y (1 _ci2mfro(1-e3,3))

e~ d2mfro(az 1+az 2+az 3)
_(176j27'rf7'0(17a371))(1iej27rf7'0(1—@312))(176j27rf7'0(1—@3,3))

hs(f) =

1

1 —eJ2nfroas 1 _ p—j2nfToase _ o—i2mfToas;3

h3(f)

o (1- €j27rf7'o(1—a3,1))(1 — 647‘27ff7'0(1—a3,2))(1 _ ej27rf‘ro(1—a3,3)) e~i2mfrolas1tas,2) 4 o=i27fro(as1+as,3) 4 o—i27f7o(as,2+a3,3)

_e—J2nfro(as1tas 2tass)

9.16

Show that in the case of a third-order DSA with a zero of multiplicity 3 in the beampattern,
the beamformer is given by

1
1 _3e 27 fToa3,1

h =
37O(f) [1 _ 6]27Tf7'0(1—043,1)}3 3€_J4Trf7—0a2‘1 ’

—e—I6TfToa2,1

Solution:
we want to solve the following linear problem:
a"(f,1)
dH(f, 043,1)
5 d (052" | ")
>22d" (f, az3)
So:
dH(f, 1) 1 U1 ’1)12 ’013 []. U1 ’U12 ’Ulg]hg’o(f)
d?(f,asq) 1 v we? wod 1 w2 wve? wdlhso(f)

h(f) = = (a)

S (f as2)™ | ) = 1S am (1 g 0) hs o f)
S 2dM (f,a3,3)" S 2dH (f,cs.3) T hao(f)

S d (f,a52)"
S 2d7(f,055)"

from 9.86 we know:

i2nfro Y d"(f,as0) hao(f) = 0= > d"(f as2) hao(f) =0

and from 9.87 we know:
(27 f70)” D 2d" (f,as3) T hao(f) =0 2d"(f,053) hso(f) =0
substituting:

1

—3e 27 fToa3,1

[1 er2nfro  pidmfTo ejﬁﬂfro]

Je—4nfroas 1
_e—I67fToas,1
1

[1 — eﬂﬁfﬂ)(l—aa,l)] 3

—3e— 127 fT0a31

el2mfroas, 1 pydmfroas 6J67Tf7'0043,1]

3€*J47Tf7'0043,1
_e—I67fToas1
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1 — 3e—227froas,1 0527 fT0 + Je— 4 fToas,1 094 fT0 _ =367 fTo3,1 0367 fT0

_ 2,— 27 fToas1 2™ fTos,1 —4m froas 1 p04m fToaz 1 _ ,—967TfToe3 1 .36 fToC3 1
1 1-3e e + 3e e e e
a [1- eJQﬂfTo(l—%,l)]g 0 -
0
1— 36327rf'ro(1fozgyl) 4 36‘]47{"}"7’0(17&3’1) _ 6]67Tf7’0(170¢3,1)
_ 1 1-3+3-1 _
[1 _ ejzﬂ'f‘l'(](l*ag,l)]s 0
0
[1 o egQTrf‘ro(17043,1)}‘r3 1
_ 1 0 1o
[1 — eJQWfTo(l—as,l)]S 0 0
0 0
[ |
the beampattern can be approximated as
1 3
Blhso(f),cosf] =% ———— (cosf —az1)”,
(1—as1)
Solution:
the beampattern has the form:
) p [1 o ejwaTo(cosefozg,l)}s
B ,cosf| =
haa():cost] = =
using the following approximation:
e ~1+x
we get: [
Blhs.o(f), cos0] ~ [1—1—j2nfrp(cosd — 043,1)]3 _ [127 fro(cos O — 043,1)]‘3 _ [cos O — a371]3
’ [1—1—j2nfro(l —asy)])’ [j27 fro(1 — a3.1)] [1—asq)?
[ |
and the WNG can be approximated as
1
Wihso(f)] = o~ 27 fr0 (1 — a5.1)]°.
20

Solution:
We find that the WNGQG is:

. 6 2
WIh(f)] = 55|t — e imen | = Z[1 - cosf2m fro(1 — as,1)])”
with the following approximation:
cosz~1— —

The WNG can be approximated as

513
WIh(f)] = % [1 -1+ [27TfT0(12_ a3.1)] ] = %[QWfTo(l — Oz3,1)}6 = %[27Tf7'0(1 - 043,1)]6
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9.18

Show that the beampattern, the WNG, and the DF of the minimum-norm beamformer are given by
B[hMN (fﬂau/B) 7C089] = dH (vaOSG)DH (faa) X
-1
[D(f,a) D" (f,)] B,
1

B" D (f,e) D (f,e)] "' B
1

" b (f. 8) Ton (b (f. 0, B)

Wlhyx (f, e, B)] =

7

D [hMN (f7 a7ﬂ)}

Solution:
First we know:

-1

(Dhun(f, a0, B) = DE(f, ) [D(f, ) D (f, )] B
(2)han (f,a, B)7d(f,1) =1

It is easy to see that the beampattern is:

Blhyn(f,a,B),cosb] = dH(f, coshyn(f,a, ) =

= d"(f,cos0) DY (f,0)[D(f,0) D" (f,a)] "'
|

The WNG defined as: )

_ [RTHd(f, D)
W= pn)
substitute (1) and (2) to the definition of WNG:

[0 |
~ haun™ (f, 0, B)harn (f. o, B)
12
BH(f,0)[D(f,)DH (f,)] ' [D(f, @)D" (f,a)][D(f,a) DY (f,c)] '8
1
B (f,0)[D(f, ) DH(f,0)]
|

Wihan (f)]

The DF of the minimum-norm beamformer defined as:

2

_|RT(Hd(f,1)]

DI = 3 T anhi ()

substitute (1) and (2) to the definition of the DF;

2

T har(f. 0, B)d(f,1) |
n\J, &, = =
M th(f7a75)HF0,2ﬂhzv1n(f7045) th(f»OZﬂ)HFO,%th(ﬁa75)
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